In this paper, based on a generalized Lyapunov function, a simple proof is given to improve the estimation of globally attractive and positive invariant set of the Lorenz system. In particular, a new estimation is derived for the variable x. On the globally attractive set, the Lorenz system satisfies Lipschitz condition, which is very useful in the study of chaos control and chaos synchronization. Applications are presented for globally, exponentially tracking periodic solutions, stabilizing equilibrium points and synchronizing two Lorenz systems.
Introduction
Since E. N. Lorenz [1963] discovered the first chaotic attractor in 60's of the last century, now called Lorenz attractor (also known as butterfly attractor), great achievements have been made in the area of nonlinear systems. The Lorenz equation, as the first chaotic system, revealed the fundamental and complex behavior of nonlinear dynamical systems. Although in the past half century, extensive studies have been provided on chaos phenomena, observed in natural and social sciences, further research on the fundamental property of chaos is still needed [Chen & Lü, 2003] . Only until recently, was the existence of the Lorenz attractor rigorously proved with the aid of computation [Stewart, 2002] . One of the fundamental problems related to the Lorenz system is the boundedness of the Lorenz attractor. So far, several estimations for the globally attractive and positive invariant set of the Lorenz system have been obtained (e.g. see [Leonov et al., 1987a [Leonov et al., , 1987b Leonov, 2001; Li et al., 2005] ). No similar results or estimations have been reported for other chaotic systems, such as Rössler system, Chua's circuit, etc.
The Lorenz equation was originally described by partial differential equations and simplified to three ordinary differential equations [Lorenz, 1963] :ẋ = a(y − x), y = cx − xz − y,
(1) z = xy − bz, where the dot denotes differentiation with respect to time t. The parameters a, b and c are assumed positive real numbers. The Lorenz system has a zero equilibrium point (for c > 0), and two nonzero, symmetric equilibrium points (for c > 1). It is easy to use a Lyapunov function to prove that the origin (0, 0, 0) is a globally attractive fixed point when 0 < c < 1, while stable, but not attractive when c = 1.
The fundamental property of chaotic systems, such as the the existence of globally attractive set, plays a very important role in further research of chaos. In this paper, based on the construction of generalized Lyapunov functions [Liao, 1993; Liao & Yu, 2005] and the results reported in [Leonov et al., 1987a [Leonov et al., , 1987b Leonov, 2001; Li et al., 2005] , we give a simple proof to improve the estimation on the globally attractive and positive invariant set of the Lorenz system. In particular, a new estimation for the variable x is derived. Due to the existence of the global attractive set, it is impossible for the Lorenz system to have equilibrium points, periodic or quasi-periodic solutions, or other chaotic attractors existing outside the attractive set. Moreover, since the Lorenz system satisfies Lipschitz condition on the globally attractive set, the existence of the ultimately bounded estimation is extremely useful in the study of chaos control, chaos tracking and chaos synchronization.
The rest of the paper is organized as follows. In the next section, we summarize the latest results of globally attractive and positive invariant set for the Lorenz system, and then give a simple proof to improve the estimation for the variable x. Several applications using the globally attractive set are given in Sec. 3. Finally, the conclusion is drawn in Sec. 4.
Globally Attractive and Positive Invariant Set of the Lorenz System
In this section, after summarizing the existing results for the estimations of the globally attractive set of the Lorenz system, obtained by Leonov et al. [1987a Leonov et al. [ , 1987b , Leonov [2001] and Li et al. [2005] , we present a simple proof to improve the estimation on the variable x. First, we need to introduce some notations and definitions. Let X = (x, y, z) , and Ω ⊆ R 3 be a compact (bounded and closed) set containing the origin. X(t, t 0 , X 0 ) denotes the solution of system (1) satisfying the initial condition X(t 0 , t 0 , X 0 ) = X 0 . Further, let ρ(X, Ω) = infX ∈Ω X −X denote the distance between X and Ω. Definition 1. If there exists a compact set Q ⊆ R 3 such that
then we call Q a globally attractive set of system (1). A system having a globally attractive set is considered as dissipative in the sense that any of the system's trajectory is ultimately bounded. If
In the following, we first summarize the results reported so far for the globally attractive and positive invariant set of the Lorenz system. In 1987, Leonov et al. [1987a Leonov et al. [ , 1987b obtained two estimations for the globally attractive and positive invariant set of the Lorenz system:
and
where the parameters are assumed to be a > 0, b > 1 and c > 1. It is easy to see that the above two estimations become very poor as b → 1 + . Later, Leonov [2001] improved the first estimation to obtain the following new result: Assume that c > 1 and 2a
where
Remark 1. As pointed out by Leonov [2001] , if one of the conditions: c > 1 and 2a > b > 0 fails to hold, then the Lorenz system will be globally, asymptotically stable, that is, any of its solutions (trajectories) tend to some equilibrium state as t → +∞.
Recently, the second estimation given in (2) was improved by Li et al. [2005] using the approach of Lagrange multiplier. The new estimation is given as follows: For a > 0, b > 0 and c > 0, the following result holds.
In the same paper [Li et al., 2005] , it is also shown that z ≥ (x 2 /2a) when 2a > b, which is identical to that obtained by Leonov [2001] (see Eq. (3)).
Since it is known that the origin (0, 0, 0) is globally attractive for c < 1, and stable when c = 1, it is not necessary to consider 0 < c ≤ 1 in Eq. (4). In addition, according to Remark 1, the third case listed in (4) is not necessary either.
Summarizing the above results given in Eqs. (3) and (4) gives the following theorem.
Theorem 1 [Leonov, 2001; Li et al., 2005] . Assume that c > 1 and 2a > b > 0. The globally attractive and positive invariant set of the Lorenz system is bounded by
The following corollary is a direct result of Theorem 1. 
where R and R are given in Eq. (5).
It is obvious to see from Eq. (5) that R > R. In other words, the estimation for the variable x is not as good as that for the variable y. In the following, based on the results given in Theorem 1, we provide a simple proof to improve the estimation on the variable x. The new estimations on the globally attractive and positive invariant set of the Lorenz system are summarized in the following theorem. 
Proof. We only need to prove |x| ≤ R. By Corollary 1, we may assume |y| ≤ R. Consider the following generalized Lyapunov function:
Computing the Dini derivative of V with respect to time t along the trajectory of system (1) results in
where R is given in Eq. (7), and the estimation |y| ≤ R has been used. Inequality (9) clearly indicates that (dV /dt) < 0 when |x| > R(1+ ), where is an arbitrarily small positive number. This implies that the x variable is ultimately bounded by
This completes the proof for Theorem 2.
Similarly, we have the following corollary. The maximum values of the ultimate state variables of the Lorenz system are bounded by
Applications of the Globally Attractive Set
In this section, we present several important applications using the globally attractive and positive invariant set of the Lorenz system, presented in Sec. 2. It can be shown that for system (1), there do not exist equilibrium points, periodic or quasiperiodic solutions, or other chaotic attractors outside the attractive region.
Globally exponential tracking and stabilization
In general, chaos control has two objectives. One is to change unstable or only locally stable equilibrium points to globally stable or even globally exponential stable points under a control. The other objective is tracking, i.e. if there exists a stable or an unstable periodic solution in chaotic attractor, one wishes to employ a control such that any trajectory of the system ultimately converges to the periodic solution. Since the Lorenz system (1) has a globally attractive and positive invariant set, the function on the right-hand side of Eq. (1) must satisfy the Lipschitz condition on the globally attractive set. This property greatly facilitates the design of feedback control laws in controlling chaos. In this subsection, we consider global stabilization of a given equilibrium point or global tracking of a given periodic orbit. Assume that X * (t) = (x * (t), y * (t), z * (t)) is a periodic solution or an equilibrium point of system (1). Let X(t) = X(t) − X * (t), then it is easy to find that X(t) satisfies the following error system:
Now, add the negative feedback controls:
to Eq. (12) to obtain the controlled system: Proof. Since an equilibrium point can be considered as a special periodic solution with an arbitrary constant period, we will not distinguish the two cases. From Theorem 2, we know that X(t) and X * (t) ultimately must enter D 2 . Thus, we may assume that for c > 1, 2a
|y(t)| ≤ R and 0 < z(t) ≤ R + c, where R is given in Eq. (7). Let f (x, z) = xz and f (x, y) = xy. By the intermediate value theory, we have
zx +xz, wherez is between z and z; andx is between x and x. Hence,
We may choose k i ≥ 0, i = 1, 2, 3, such that the following matrix:
is an M matrix [Liao, 1993] . Therefore,
. Now for Eq. (14), construct the positive definite and radially unbounded Lyapunov function: V = ξ 1 |x| + ξ 2 |y| + ξ 3 |z|, and then computing the Dini derivative of V with respect to time t along the trajectory of system (14) yields
Equation (15) yields the estimation: min(ξ i )(|x(t)|+
which we finally obtain
To illustrate the above analytical results, we present two examples: one for tracking a periodic solution and the other for stabilizing an equilibrium point. We fix a = 10, b = 8/3 > 2, so R = 4c/ √ 15. First, we consider tracking periodic orbits. It is known [Leonov & Reitman, 1987b ] that the zero equilibrium point E 1 (the origin) of the Lorenz system is globally stable when 0 < c < 1. It becomes unstable when c is crossing c = 1, and bifurcates into two nonzero equilibrium points, E 2 and E 3 , which are stable for 1 < c < 24.74, and become unstable at c = 24.74, giving rise to Hopf bifurcation. The Lorenz system exhibits chaotic attractors when c ∈ (24.74, 148.4) and periodic solutions for c ∈ (148.8, 166.07). When c = 149.7, the system exhibits a stable limit cycleX(t), its phase portrait is shown in Fig. 1(a) and the time history of the componentx(t) is depicted in Fig. 1(c) . At c = 130.0, the motion is chaotic, see Fig. 1(b) . The initial conditions for the simulation are taken asx(0) =ỹ (0) 
The time history of x(t) before and after applying the feedback control (13) is shown in Fig. 1(d) , where the motion shown for t ∈ [0, 10] is chaotic, while the remaining part (for t ∈ [10, 25]) shows a short transient period when the control is added, and then the chaotic motion becomes purely periodic. Next, we consider the global stabilization of equilibrium points for two cases: c = 28 and c = 130, both show chaos without controls. We apply the control law (13) to force the system to converge to the equilibrium point E 2 , with the control parameter values: k 1 = 1, k 2 = 90, k 3 = 58 for c = 28, and that given in Eq. (17) for c = 130. Under the above choices of parameter values with the designed equilibrium point E 2 (which is unstable without control), the matrix W is an M matrix. According to Theorem 3, the controlled trajectories converge to the designed equilibrium point exponentially. The simulating trajectories are shown in Figs. 2(a)-2(d) .
Globally exponential synchronization of two Lorenz systems
In this subsection, we study globally exponential synchronization between two Lorenz systems. Consider the transmitter system, given bẏ
and the receiver (response) system with feedback controls: Eq. (19) results in the following error system:
Definition 1. If for the transmitter system,
, and the corresponding (x r (0), y r (0), z r (0)) ∈ R 3 for the receiver system, the solution of the error system (20) has the following estimation:
where K(E(t 0 )) = K(e x (t 0 ), e y (t 0 ), e z (t 0 )) is a constant depending upon E(t 0 ), while α > 0 is positive real number, independent of E(t 0 ), then the zero solution of the error system (20) is said to be globally, exponentially stable, and the two systems (18) and (19) are said to be globally, exponentially synchronized. Proof. We can always choose enough large k i > 0, i = 1, 2, 3, such that the matrix is negative definite. Construct the Lyaponov function in the positive definite, quadratic form: V = e 2 x + e 2 y + e 2 z . Then, computing dV/dt along the trajectory of system (20) yields
from which we obtain where λ max (Q) denotes the largest eigenvalue of matrix Q. Equation (23) indicates that the conclusion of Theorem 4 is true.
Finally, we present two numerical examples to illustrate the synchronization. We again choose the two typical sets of parameter values used for the simulation of stabilization in the previous subsection: a = 10, b = 8/3, c = 28 or c = 130. With the control law given in Eq. (22), we choose the following control parameter values: k 1 = 25, k 2 = 19, k 3 = 13 for the first set of parameter values; and k 1 = 130, k 2 = 72, k 3 = 65 for the second set of parameter values. Under these two sets of parameter values, the matrix Q is negative definite. The simulation results show that the two Lorenz systems (one is transmitter and the other receiver) are perfectly synchronized. The time history of the error signal e x (t) is depicted in Fig. 3(a) for the first case (c = 28) and in Fig. 3(b) for the second case (c = 130). They indeed indicate that the trajectories converge to zero exponentially.
Conclusion
In this paper, we use a generalized Lyapunov function to give a simple proof to improve the estimation of the globally attractive and positive invariant set of the Lorenz attractor. Particular attention is focused on the estimation for the variable x. The results are applied to consider the problems of tracking, stabilization and synchronization. Numerical simulation results support our theoretical predictions.
